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Prediction of Unsteady Airloads for Oblique Blade-Gust
Interaction in Compressible Flow

SING CHU* AND SHEILA E. WIDNALLT
MIT, Cambridge, Mass.

The techniques of Galilean-Lorentz transformation and matched asymptotic expansions are used to simplify the
procedure of calculating the lift and pressure distribution induced on an infinite-span thin wing interacting with an
obligue sinusoidal gust in subsonic flow. This technique requires that the product of the flow Mach number and the
reduced frequency is small. Under this condition, the inner region of the transformed space behaves as an
incompressible flow so that existing incompressible flow theories can be used as a basis to construct closed-form
solutions for the airload induced on the wing. This approach is an extension of the GASP approximation developed
by Sears and Amiet. Results are obtained for both the magnitude and the phase of the unsteady lift due to
interaction with gust. These results are compared with available numerical results. Some discrepancies are noted

and discussed.
Nomenclature
a = speed of sound
b, = wing semichord
b = wing semichord in the Galilean-Lorentz (G-L)
transformed space
C(S) = Theodorsen function
[=H,?(S)/{H,?(S)+iH,2(S)}]
Cp = lift coeflicient
C, = pressure coefficient
g = {1—(tan AT/M)2} "2
g = —ig
H,*3(x) = nth order Hankel function of the first or the

second kind
= nth order modified Bessel functions of the first
and the second kind

1.(x), Knu(x)

Ja(x) = nth order Bessel function of the first kind

k = gust wave number

k, = normalized gust wave number (=kb,)

ky, k, = chordwise and spanwise components of the gust

wave number
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k, = k,sin A
K,K,,Kx, Ky, K, = counterparts of k, k,, k,, k,, k, in the G-L trans-
formed space

K’ =K, +io

M = freestream Mach number

M, = airload convection Mach number (= M/sin A)

P = amplitude of the pressure coefficient in the G-L
transformed space

Yo 0 = cylindrical coordinates in the outer region

F = cylindrical coordinate in the inner region
(F=r,/e)

s = reduced frequency (= wb,/U)

S = reduced frequency in the G-L transformed space
(=Qb/U =5/p%)

Ty = aerodynamic transfer function (= C_/{2na,/f})

T, = aerodynamic transfer function for the incom-
pressible flow

Tosn = aerodynamic transfer function for the two-
dimensional incompressible flow

U = freestream velocity

w = gust upwash velocity

X, y,z,t = coordinates of the original space attached to the
wing

x,y,z,t = coordinates of the Galilean transformed space
convected with the freestream

X.YZ T = coordinates of the G-L transformed space
attached to the wing

XYZT = normalized inner variables in the G-L trans-
formed space

X, Y,.Z, T, = normalized outer variables in the G-L trans-

formed space
incident angle
incident angle at the midchord

&
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— (1 _ MZ)I/Z

= small parameter for expansion (=SM)
=X+iZ

= wing-gust interaction angle

= acoustic wavelength

= (M/p)’s

= perturbation velocity potential

= normalized perturbation velocity potential
= phase of the aerodynamic transfer function
= radian frequency

= radian frequency in the G-L transformed space
= amplitude

= inner solution

= outer expansion of the inner solution

= outer solution

= inner expansion of the outer solution

= property for the G-L transformed space

= conjugate of a complex function

= nth order solution

= property for the incompressible flow
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Introduction

HE evaluation of the unsteady load distribution induced

on a thin wing due to interaction with turbulent gusts has
always been an important problem in aerodynamics because of
its broad application to the calculation of dynamic loads on fixed
and rotary wings, unsteady loads due to rotor-stator inter-
action and the prediction of aerodynamic noise from unsteady
forces. Since for small disturbances the governing equation is
linear, it is possible through Fourier analysis to separate the
response to any three-dimensional gust into the response to a
spectrum of oblique sinusoidal gusts.

One of the classical problems in this category is the two-
dimensional wing-gust interaction problem solved analytically
by Sears! for incompressible flow. He considered a two-
dimensional wing interacting with a sinusoidal gust convected
with the freestream having its wave front parallel to the leading
edge of the wing. Graham? treated the corresponding three-
dimensional problem for incompressible flow by using a
numerical-series method. His model has the same two-
dimensional wing, but the wave front of the gust makes an
oblique angle to the leading edge. Filotas® solved the same
three-dimensional incompressible-flow problem analytically and
derived approximate closed-form expressions for the lift and
pressure distribution. For wing-gust interactions in compressible
flow, Graham* developed a similarity rule for the three-
dimensional problem, but gave only an exact numerical solution
for the two-dimensional case to be used in conjunction with his
three-dimensional incompressible-flow solution. Johnson® ap-
proached the problem numerically starting directly from the
general compressible-flow equation. He showed that the general
problem of wing-gust interactions had an elliptic, transitional, or
hyperbolic character corresponding to the convective speed of
the airload along the gust wave front being subsonic, transonic,
or supersonic, respectively.

By using a Galilean-Lorentz transformation and matched
asymptotic expansions, Amiet and Sears® developed a technique
called the “GASP” approximation to simplify the compressible-
flow problem to an equivalent incompressible-flow problem in
the inner region, under the condition of large acoustic
wavelength-to-chord ratio. With this technique, Osborne’
modified Sears’ two-dimensional, incompressible solution for the
compressible flow in a simple analytic form. However, it has
once been pointed out by Miles® and has recently been
remarked again by Amiet® that the GASP approximation can-
not be applied to the two-dimensional airfoil problem as
Osborne did, “since the solution for ¢ would involve inte-
gration over the infinite span, and this integration generally
would not be commutative with the assumed expansion in
powers of the frequency.”®

In the present analysis, the GASP approximation is used to
derive a similarity rule for the three-dimensional interaction of a
two-dimensional wing and convected oblique sinusoidal gusts in
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subsonic flow. The wing span here is also infinite, but the finite
spanwise gust wavelength can be considered in a sense com-
parable to a finite span. Hence the anomalous two-dimensional
effect indicated by Miles® and Amiet® should not be a problem.
Even though the usefulness of the analytic results is somewhat
limited by the requirement that the product of the Mach number
and the reduced frequency should be small, they are expected to
serve as bases for the check of the more accurate numerical
calculations. In this approach, a Galilean-Lorentz trans-
formation is first used to reduce the governing equation to the
ordinary wave equation with an accompanying modification of
the boundary conditions. Then analytic solutions of series form
are obtained through an application of the method of matched
asymptotic expansions with the small parameter being the
product of the flow Mach number and the reduced frequency.
The lowest approximation for the inner region is found to be
either a three-dimensional or a two-dimensional incompressible-
flowfield depending upon the flow Mach number and the
wing-gust interaction angle. Therefore, Sears’ two-dimensional
and/or Filotas’ three-dimensional incompressible-flow solutions
can be used as bases to construct analytic expressions for the
atrload distribution of all orders.

The analytic results from the present analysis are compared
with Johnson’s numerical solutions for the general three-
dimensional wing-gust interactions in subsonic flow. The agree-
ment is very good for the elliptic region. However, some
discrepancies in the hyperbolic region are noted and discussed.

Formulation of the Theoretical Model

The theoretical model chosen here consists of a rigid, flat, thin
wing of infinite span and chord width 2b,, flying with speed U
through an oblique sinusoidal gust that is stationary in the fluid.
The gust is characterized by the wave number k and the inter-
action angle A between its wave front and the wing leading edge
(Fig. 1). The upwash velocity of the sinusoidal gust can be
written as

W(X, ¥, t) — v"‘)ei(kxxwkkyy‘mt) (1)
with k, = kcosA, k, = ksinA being the wave number com-
ponents in x direction, y direction and w = kU cos A being the
radian frequency.

For small perturbations, the velocity field due to the thin wing
is irrotational and may be linearly combined with the gust
velocity field, even though the gust flow is vortical. In terms of
the perturbation velocity potential function ¢(x, y, z, t), the total
velocity components in the flowfield are U+ ¢,, ¢, and w+¢..
The linearized governing equation for the flow is

1 /o '\
24—~ 4+ U=—)¢=0 2
Ve az<6t+ ('}x>¢ @)
and the perturbation pressure coefficient is given by
2 (0 1 3¢ .
=——|=—4+—== 3
C U <Bx T 6t) 3

Fig. 1 Infinite-span thin wing interacting with a sinusoidal gust.
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The boundary conditions are as follows:
1) The flow is tangent to the wing surface,

¢z|z:0i == Wei(kxerkyy*wt) for ’X' é bo (4)

2) The pressure must be continuous both at the trailing edge
(Kutta condition) and in the wake,

AC,(z=0£)=0 for x=b, (5)

3) The amplitude of the disturbance approaches zero at
infinity, except in the wake.

The section lift on the wing is represented more conveniently
by an aerodynamic transfer function T,, defined as T, =
C./(2no, /) where o, is the angle of attack at the midchord,
%, = dexp[i(k, y—wit)], & = W/U and B = (1 — M2)!/2,

Galilean-Lorentz Transformation

We first simplify the governing equation from the convective
wave equation form to the ordinary wave equation by a technique
that has been used by Amiet and Sears.® This technique
consists of two parts: first, a Galilean transformation to a
coordinate system that convects with the freestream to convert
the governing equation to the ordinary wave equation; than a
Lorentz transformation to reintroduce a coordinate system fixed
on the wing but retaining the ordinary wave equation as the
governing equation.

Let the Galilean transformation be

X=x=-Ut, y=y, =z =t 6)
and the Lorentz transformation be
X =(1p(x+Ur), Y=y, Z=z, T=(/B)t+Mx/a)
(N

The combined transformation is
X=x/f, Y=y, Z=1z T =B(t+Mx/ap? ®)
It can be seen that in this transformed space (X, Y, Z, T), the
freestream velocity is still in the X direction with magnitude U.
The governing equation after transformation is then

d? o2 o* 1 6°

e i g

0X* 0Y* ¢8Z* a*oT
and the perturbation pressure coefficient in the transformed
space is given as

C," = —(2/U)[0¢/0X +(1/U)(06/0T)] (10)

It can be shown that the perturbation pressure coefficients of
the physical and the transformed spaces are related as

C,=(1/B)C," (11)
The geometry of the wing-gust interaction in the transformed
space can be seen more clearly through the transformation of

the boundary conditions. In the transformed space, the flow
tangency condition on the wing surface is
bzz=0+ = — W KX KT -AD) for |X| < b (12)
which is transformed from Eq. (4) with Ky =k,/p, Ky =k,
being the wave number components in the X and Y directions,
and Q = w/p being the radian frequency in the transformed
space; b = b,/ is the semichord of the wing in the transformed
space. The wave number of the gust and the wing-gust interaction
angie in the transformed space is then given by
K = (Ky*+ K92 (13)
and
AT = tan” ' (Ky/Kyx) = tan" ' (B tan A} (14)
From the pressure relation given by Eq. (11), the remaining
two boundary conditions 1) at the trailing edge and in the wake,
and 2) at infinity are the same in the transformed space as in the
physical space. Therefore, we can see that in the transformed
space, there exists a wing of larger chord b, interacting with a
sinusoidal gust of shorter wavelength 27/K at a smaller angle
AT. The amplitude of the gust remains the same as in the

original space and the gust is convected with the freestream
velocity U. Therefore, the character of the problem has basically
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not been changed through the transformation. The only
difference is that the governing equation has been transformed
from the convective wave equation for the original space to the
ordinary wave equation for the transformed space. This trans-
formation can be viewed as a generalization of the Prandti-
Glauert transformation for the unsteady flow. The length scale
of the wing in the freestream direction is stretched by a factor
1/B as in the steady case while that of the gust is reduced by a
factor of § due to the shift and change of the time scale.

In evaluating the load distribution on the wing in the physical
space from the solution in the transformed space, the effect of
the shift of the time scale should be treated with special care.
From Eq. (8) we can see this shift is proportional to x, so that
in the relation between the airload distributions in the physical
and transformed space, there will be a phase shift factor that
varies with chordwise locations.

From the geometry of the wing-gust interaction in both the
physical space and the transformed space, we can write the
differences of the pressure coefficients across the wing in both
spaces in the form

AC,(x, y, 1) = AC (%) e~ D (15)
and
AC,(X, Y, T) = AC,T(X) ' rY oD
= AC,T(x) %> @D g iox (16)
where

o=sM?p% s=owb,/U and x=X=x/b,=X/b
Thus, from Eq. (11) we have obtained
AC (%) = (1/p)AC,T(X) e o= (17)

and
1

Ty=(1 /4mz)J AC,T(R)e "% dx (18)
-1

Normalization of Variables of Inner and Outer Regions

Consider the flowfield of the transformed space being separated
into two regions: the inner region in the neighborhood of the
wing, and the outer region, the rest of the flowfield. The
characteristic length for X and Z in the inner region should b¢™ -
of the order of the airfoil length; here it is chosen to be the
semichord b. For the outer region, the characteristic length for
X and Z should be of the order of the acoustic wavelength
AT of the transformed space; so we choose it to be 4,7/2n or
b/SM, where S = Qb/U is the reduced frequency for the trans-
formed space.

We assume that the chord of the wing is much smaller than
the acoustic wavelength. The ratio of the characteristic lengths

e=SM <« 1 (19)
is chosen to be the smalil parameter for the expansions.

Since the span of the wing is infinite, the characteristic length
for Y is of the order of the gust wavelength in the Y-direction
for both the inner and the outer regions; we choose it to be
Ky '. The characteristic speed and time are chosen to be U and
b/U, respectively. Therefore, the nondimensional variables for the
inner region are

X=Xb Z=2Zb, Y=K,Y T=UT/,

. . (20)
) @' = ¢*/bU
The governing equation becomes
32(I)i azd)i az(l)i az(Di
r— = K b 2 =5 M2 =5 = 0 21
ox2 t oz TR g M e @D

From the gust input boundary condition of Eq. (12), the velocigy
potential function for both the inner and the outer regions 1is
of the form
OX, 7,2 T)=0X, Z)" 5D

The equation for the inner region is then reduced to

*D 9% . .

4 =5 — (Kyb)*O' +(SM)*® =0 22a)

a Xz a Zz ( Y ) ( ) (
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The first, second, and fourth term in the equation are obviously
of the order of 1, 1 and &2, respectively; whereas the order of
the third term depends on the order of magnitude of (Ky b). When
Aisnot toosmall, so that K, = k,” ' ~ 0(b,), then Ky b ~ 0(1)
and the equation can be written as

02 62<I)‘ , 070! i

B + —=5 07 + (Kyb) ayE= E (i (22b)

On the other hand, if Ky™' (or k,7!) is of the order of the
acoustic wavelength, then Kyb ~ 0(¢); and the equation should
be written as

azqf i ) tan AT\?7 .
e R D R (220)

The factor tan AT/M is of special interest; with the trans-
formation relations, it is easy to show that tan AT/M being
greater than, equal to or less than 1 is just equivalent to
sin A/M being greater than, equal to or less than 1 in the
physical space. From the geometry of the wing-gust interaction
shown in Fig. 1, it can easily be seen that the Mach number
M, = M/sin A is that at which the airload convects through the
air along the gust wave front. Johnson® showed that the problem
of wing-gust interaction is an elliptic problem for M, < 1, or
hyperbolic problem for M, > 1. Along M, = 1, the problem has
a transitional or transonic character (Fig. 2).

Therefore, we can see that the case Kyb ~ 0(1) applies to the
portion of the elliptic region far from the transition line, which
we will call the “3D region.” The case Kyb ~ 0(¢) applies to the
rest of the elliptic region near the transition line, on the
transition line and to the whole hyperbolic region; we will call
this the “quasi-2D region.” The factor g2, defined as

tan AT\?
2:1— 2
g < M ) (23)

is in turn negative, zero, and positive in the elliptic region, on
the transition line and in the hyperbolic region, respectively. The
terminologies of “3D region” and “quasi-2D region” are chosen
because, as will be seen, the lowest order governing equation for
the inner flow of these cases is either a three-dimensional or a
two-dimensional Laplace equation. The 3D region and the quasi-
2D region are also shown in Fig. 2.
For the outer region, the nondimensional variables are

X,=¢eX, Z,=¢Z, Y,=Y T,=T ®&° =¢°bU (24)
The governing equation becomes

e [0°®°/0X 2 + 8°D°/0Z,2 + @°] — (Ky b)*®° =0 (25a)
The first three terms are obviously of order ¢, the order of the
last term, which comes from the double derivative with respect

to Y, depends on the order of (Kyb). For the 3D region,
Ky b ~ 0(1), so this term is of order 1, we have

(Ky b)2@° = 2[02®°/0X 2 + 32 ®°/3Z,2 +®°]  (25b)

= DA
ﬂ wumgg i —

L ¢ TELLIPTIC

A, deg
it
30 NNROTR N -
| Wb ~o(e)\\§
20 |- QUASI - 2D REGION —
N \M\ ~ \\\\\\\\\\\\\\\
> | HYPERBOLIC
10 5 sin AN ]
\ A=0 2D
INNNNSNNNN S
] 0.2 04 0.6 08 1.0

M

Fig.2 3D and quasi-2D regions.
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For the quasi-2D region, Kyb ~ 0(g), so that every term of Eq.
(25a) is of order &2, and the equation can be written as

t AT 2
P20°JoX, 2+ 37D°JOZ,? + [1 - < ar;w ) }po -0 (25¢)

Matched Asymptotic Expansions for the 3D Region

From the forms of the inner and outer region governing
equations given by Eqs. (22b) and (25b), we may assume the
inner and outer asymptotic expansions to be of the form

D = 0y’ + 20, + ... (26a)
G = D’ + 2D, + ... (26b)

First Quter Approximation ®,°

The first approximation for the outer region is the undisturbed
flowfield if the wing were absent. The velocity potential is then
a constant which we can choose to be zero.

Dy’ =0 (27)

First Inner Approximation ®,’
The governing equation for @' is
2D, D, D,
ot =z + (Kyb): =1
0X 0z oy
If it is written in the dimensional form, it is the three-dimensional
Laplace equation.

The boundary conditions on the wing surface, at the trailing
edge, and in the wake are

h,lzo0: = — 65D for |X| <1 (29)
AC,(Z=0+4)=0 for X221 (30)

The boundary condition at infinity for the inner solution is
obtained by applying the asymptotic matching principle :

lim ®i(r,/e) = lim @%(r,) = 0 31)

rofe— oo

=0 (28)

with }
ro = (X,2+ 2,27
Therefore, to the lowest order, the governing equation and
the boundary conditions of the inner solution are those of a
three-dimensional incompressible flowfield, for which we can
employ Filotas’ theory. The pressure distribution and the
aerodynamic.transfer function of the wing are then obtained as -

1 .A
AC, (ko A M ; 2 =0¢)=BACPD(K0,AT;Z —04)e % =

. L( T(K, A7) Y [1—x\"> _
S pitkyy— o) (Kytio)x o)
Aae ]ﬁ{lo(Kz)Hl(Kz)}(Hx) ¢ 62

and

Tyke A M) = Ty(K, AT ( IK)+1 “K')) 33)

1o(K2)+1,(K2)
where  k,=kb,, K, = (k,/B)[(cos A/B)*+sin®’ AT, K, =
K, sin AT, K' = K, +io, and I, 1, are the first kind modified
Bessel functions of the zeroth and first order. AC, and T, are
the pressure difference distribution and the aerodynamic transfer
function for the incompressible flow from Filotas’ solution.
Their expressions are given in the Appendix.

The effects of compressibility on the airload distribution are
given in Eq. (32). In this expression we can see first that there
is the factor 1/B as in the steady case; the next factor (included
in the curved parentheses) gives an attenuation of magnitude as
well as a phase shift due to both compressibility and un-
steadiness. The square root factor represents the basic load
distribution for a two-dimensional wing-gust interaction in
incompressible flow. For three-dimensional interactions, the air-
load oscillation along the span and the resulting trailing vorticity
will make the load distribution more concentrated toward the
leading edge as shown by the factor exp (— K,x). The last factor
exp(—iox) shows a phase shift of the load distribution along
the chord.
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Matched Asymptotic Expansions for the
Quasi-2D Region

From Eq. (22c) we can see that the lowest order governing
equation for the inner region will be the two-dimensional
Laplace equation with the spanwise dependence entering only
as a multiplying factor in one boundary condition. In this case,
both A and AT are small while the wavelength of the gust
along the span is large so that the spanwise rate of variation
of the incident angle is small. Therefore, to obtain the effects
of three dimensionality, we must carry the analysis to the next
order. For this purpose, it is more convenient to work directly
with the pressure field rather than the velocity potential. Let
P= C,,T. From Eqs. (22¢) and (25c¢), the inner and outer flows
governing equations for P can be obtained as

02Pt 9P ‘

EX.? + 5‘2:5 = _£2g2P1 (34)
and

0%P° 0%p°

axZTazztoP =0 (35)

The boundary condition at infinity is applied to the outer
solution, while the Kutta condition at the trailing edge is
satisfied by the inner solution.

From Eqs. (34) and (35), we assume the inner and outer
solutions are in the form

Pi= Pyi+ellogePy i+ 2Py, + ... (36a)
P° = Py’ +¢eP°+&?P,°+ ... (36b)
(The need for a logarithmic term will be later confirmed.)

First OQuter Approximation P,°

The first approximation for the outer region is the undisturbed
flowfield if the wing were absent. The perturbation pressure is
Zero

Py* =0 (37)

First Inner Approximation P’

The governing equation for P is just the two-dimensional
Laplace equation
0*Py /0 X2+ 0%Py'/0Z* =0 (38)
The inner boundary conditions include the flow tangency on
the wing surface and pressure continuity at the trailing edge
and in the wake. The condition at infinity for the inner
solution is obtained by matching with the outer solution.
lim Pi(r,/e) = lim P°(r,) =0 (39)
role—= ro—0
Therefore, we can see that in the inner region to the lowest
order, the problem is just the Sears’ problem for the two-
dimensional airfoil interacting with parallel sinusoidal gust in an
incompressible flow. The pressure induced on the wing is given
by

o s o 1— X\? -
Pi(X,Z=0+)= F24T,,,(S) <ﬁ> for ]X| <1 (40)
where T,

wsp 15 the aerodynamic transfer function for this two-
dimensional incompressible case
T,.,5(8) = [Jo(S)+iJ,(SYJC*(S)—iJ (S) (41)
with Jo(S), J(S) being the zeroth and first-order Bessel
functions of the first kind, and C*(S) being the conjugate of
the Theodorsen function. Because we choose the time variation
to be proportional to exp(—iQT) rather than exp (iQT) as did
Sears,! the expression (41) is the conjugate of the function
derived by him.
The pressure distribution Py’ for the whole inner flowfield
can be obtained as an analytic function of the complex variable 5

n=X+iZ (42)
with a branch cut from n = (—1,0) to n = (1, 0).
i R n—1\2

Py'(n) = —24T,,,(S)Im [<m> J (43)
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Second Outer Approximation P,°

The governing equation for P,° is a two-dimensional

Helmholtz equation reduced from the wave equation,
8’P,° %P,
oxZ o7z

If g? > 0, then ¢ is real (we choose it to be positive). The
solution must satisfy the following conditions: it should be
single-valued ; the magnitude of the disturbance must approach
zero at infinity ; to this order, only outgoing waves are permitted.
In addition, the outer solution to this order should match with
the inner solution. The second-order outer approximation is
then obtained as

P° = —ingdT,, (S)sin 6H, Vgr,) (45)
where 0 = tan~ Y(Z,/X,), r, = (X 2+ Z,})\?

The directivity sinf shows the character of a stationary
dipole (with the convection effect eliminated by the coordinate
transformation). Hence, we may conclude that to the first order
in the outer field, the effect of the wing-gust interaction is that
of a line distribution of acoustic dipoles along the span with
their strength proportional to the induced section lift per unit
span. This would be expected on the basis of our assumption
that the acoustic wavelength is much larger than the chord of
the wing.

+g°P=0 (44)

Second Inner Approximation P,,’

With the first and second outer approximations given by
Egs. (37) and (45), we can now obtain the inner expansion of
the outer solution to higher order as

) 2sinf e
P =4T,,,(S) |:“ — + e2log eg*Fsin 0+ ] (46)
2
with 7 = r,/e.
This confirms the necessity of a term of order (82. loge) in the
inner expansion. The governing equation for P,;’ is also the
two-dimensional Laplace equation. It can also be written in

complex variables as
407Pyyfonon*) =0 (47
with #* being the conjugate of .
The relation between the perturbation pressure and the
upwash velocity of the convective gust can be obtained as

X v — —
g = J e SPyX,04)dX, for |X|<1  (48)
with Eq. (48) already satisfied by the lowest order solution, the
tangency condition for the higher order solutions should be

X v - — -
0=J e" SN PyX,,04)dX, for |X|=1 (49)
This condition is difficult to apply because the integral
extends from the outer region into the inner region. Therefore
we shall apply only the necessary condition (not sufficient)

P3X,0+)=0 for |X|<1 (50)
to the inner solution. After the inner and the outer solutions are
obtained, then we shall demonstrate that the sufficient condition
is also satisfied.

With the necessary flow tangency condition (50), the Kutta
condition and the wake condition being satisfied, and having
the outer expansion match the corresponding part of the inner
expansion of the outer solution, the second inner approximation
is

P21£ — &T02,,(S)g2lm[(172—1)”2] (51)

Third Outer Approximation P,°

The governing equation of P,° and its boundary condition at
infinity are the same as for P;°. The constant coefficients can be
determined by matching the expansions of the inner and outer
solutions to this order. The third outer approximation is then

Py = i%gzo‘cnz,m sin (26)H,"(gr.) 52
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The directivity sin (20) is that of an acoustic quadrapole, hence
we may interpret P,° as a higher order modification of the outer
field radiation.

Third Inner Approximation P,,’

The governing equation for P,," is the two-dimensional
Poisson’s equation,

PP, 10X+ 0%Py, 027 = —g*Py’ (53)
It can be written in complex variable form with P,' being
substituted by the expression (43)

_1\1/2
4(02P,,/on n*) = 29%4T,,(S)Im [(ZTD ] (54)

The particular solution of this equation can be obtained by
direct integration with respect to # and #*; to this we add
solutions of the homogeneous equation. After satisfying the
boundary conditions, we obtain the complete solution as

Py’ = g%aT,, (S [{; Im [7*(n* — D"*]+
ZRellog[n+mn* =11 + [(log% — gi) +

(v—%)} Im [(n*— 1)”2]]| (33)

where y is Euler’s constant.
Therefore, to this order the complete inner solution is

) —1\V2 .
P =4T,, (S) [[—ZIm [(%) :l + éloge g* Im [(*— 1)"?]+

27 {% Im [ — 1)"2] + Z Re {log [+ (2 — 1)1/2]) +

[(logg - lg) + (v—%)] Im [(n*— 1)V 2]}]] (56)

and the outer solution is
P° = indT,, (S) |:— egsin OH, V(gr,)+

29 e}
e fsm(29)H2 (gr,) (57)

From the asymptotic behavior of the Hankel functions at
infinity we can see that the pressure in the far field has the
proportional relation

pT ~ “r__llﬁ ei(ge?+ Y-ST) (58)
The speed of the wave propagation is the speed of sound; the
magnitude of the pressure fluctuation is proportional to 1/7/2.
Thus in the far field, the pressure disturbance is that of an
outgoing acoustic wave with conical wave fronts.

For the case ¢ <0, ie, in the elliptic region near the
transition line, we choose ¢g' = —ig = |g|; thus g’ is real and
positive. The general solution for the second and third outer
approximation P,°, P,°is then of the form similar to that given
earlier with the modified Bessel functions K,,(g'r,) and I,(gr,)
replacing the Hankel functions H,M(gr,) and H,?(gr,). With
the condition of vanishing disturbance at infinity, the coefficients
of I,,(g'r,) must all be zero. Since the modified Bessel function
and the Hankel function are related through the formula
K,.(g'r,) = (n/2)i"H,M(gr,), the previous analysis for determin-
ing the coefficients holds for the case g? < 0. In this case, the
inner solution can be obtained by replacing g in Eq. (56) by iy,
while the outer solution is

P°=24T,, (S) |:— &g’ sin 0K ((g'r,)+

297 :
€ e sin (20)K 5(g'r,) (59)
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From the asymptotic behavior of the modified Bessel functions
at infinity, the pressure disturbance in the far field has the
proportional relation

Vo e st
pTN'me g'eF oY ST) (60)

from which we can see that in the far field, the magnitude of
the pressure fluctuation decays not only proportional to the
inverse of the square root of the distance from the wing, but
also exponentially; therefore, it is not an acoustic field but
“pseudo sound.” The disturbance propagates only in the spanwise
direction with the speed of the input gust along the span, which
is less than the speed of sound in this region since g2 < 0.

Before we evaluate the load distribution on the wing, the
tangency condition on the wing surface should be further
discussed. In solving the inner solution, we have applied only
the necessary condition of Pz =0 (with the exception of the
lowest order solution). This is not sufficient to describe the
flow tangency condition. Since the original flow tangency
condition of ¢,/ =0 (for higher order solutions) will lead to
Pz = 0 through an operation of the form.

0 0 .
<ﬁ+ U&~>¢Z'=o for |X|<£bZ=0+ (61)
But Eq. (61) does not uniquely result in ¢’ = 0. ¢, from Eq. (61)
is a convective sinusoidal gust of any upwash velocity magnitude,
with the correct boundary condition ¢, = 0 as a special case.
Our argument is that if the corresponding upwash velocity
magnitudes for the second and the third inner approximations
P, P,,! are not zero, then the two-dimensional incompressible
flow—which the inner region is up to these orders—implies that
the pressure distribution on the wing surface would have the
term of [(1— X)/(1+ X)]*/2. Since this term was not present in
P,,"and P,,’, we conclude that the flow tangency conditions

¢i212=¢i22Z:0 for |X|§b'Z=0i (62)

are satisfied with the boundary condition of Pz = 0.
For the hyperbolic region (g > 0), the difference of the
pressure coefficient across the wing in the physical space is then

—¥\1/2
ACI,(Z=Oi)=%&ei(k,y~wt)nm(s/ﬁz)|[4<l x> B

1+x

2e%loge g2(1—x2)12—g2g? {)E(l — x4

2|:<Iog% — l—;) + (y—%)}(l —~>€2)1/2}]|e_i”’_‘ (63)

The aerodynamic transfer function can be obtained by integrating
the pressure difference over the chord

Tuko, A, M) = T,,,(s/8%) HZ[JO(GH'

2
iJi(o)] — gvg {82 logeJ (0)+

o [(mgg- _ % oy %) Jy(o) - ;fz(a)H (64)

From Eq. (63) we can see that the dominant term is the
quasi-2D solution with the three-dimensional effect shown only
implicitly in the reduced frequency s and in the spanwise
sinusoidal variation exp (—ik, y). The explicit three-dimensional
effect on the load distribution is present only through higher
order terms. '

For the elliptic region near the transition line (9> < 0), the
difference of pressure coefficient across the wing and the aero-
dynamic transfer function can be obtained by replacing g in Egs.
(63) and (64) by ig’. For the case of g> =0 (on the transition
line), the convective speed of the airload through the air along
the gust wave front is just equal to the speed of sound. The
problem then takes on the character of transonic flow and
nonlinearity would become important. Johnson® has discussed
this situation and concluded that the nonlinearity is not strong
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Fig.3 Magnitude of the aerodynamic transfer function (A = 60°).

so that the linear solution will serve as a reasonable approxi-
mation. Based on this argument, for g = 0, the approximation
for the airload contains only the lowest order term of the
expansion. This is, of course, a very rough approximation, since
in this limit, the three-dimensional effects enter only as an
influence factor on the gust wavelength in the chordwise
direction.

Results and Discussions

The effect of compressibility for the three-dimensional wing-
gust interaction problem has been shown to be very closely
coupled with the geometry of the gust (the interaction angle A
and the normalized gust wave number k,). Compressibility
influences not only the magnitude and the phase shift of the
induced unsteady lift, but also the chordwise pressure distribution
and the location of the center of lift.

From Filotas’® incompressible flow results, it can be seen that
the airload becomes smaller and more concentrated toward the
leading edge and the phase shift gets larger for increasing gust
wave number. Re-examining the transformation we have
developed, we can see that the gust in the transformed space
has a shorter wavelength and a smaller interaction angle. The
reduced frequency is modified by a factor 1/2 while the spanwise
component of the normalized gust wave number is modified
only by 1/8. Therefore the effect of compressibility will have
larger influence on the phase shift than on the chordwise
distribution of the airload magnitude.

In Figs. 3-6, the magnitude and the phase angle for the
aerodynamic transfer function have been shown as functions of
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Fig. 4 Phase of the aerodynamic transfer function (A = 60°).
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the Mach number and the gust wave number. In these results,
the effects of the gust wave number and the flow Mach
number on the induced airload agree with the discussions
above.

In Figs. 3-6, Johnson’s numerical results have also been
plotted for comparison. From these figures we can see that the
agreement of the present solutions and his results for the elliptic
region are fairly good. In the comparison, since there exist some
numerical differences between Sears’,! Filotas’,®> and Johnson’s
results for the incompressible cases, only the trend of variation
with the Mach number and the gust wave number should be
compared. In comparison of the present solutions with Johnson’s
results for the hyperbolic region, the magnitude of the aero-
dynamic transfer functions are generally in good agreement.
However, the variation of the phase angle from the present
analysis and Johnson’s results for the hyperbolic region have
shown different trends as Mach number increases (Fig. 6). The
reason for this discrepancy is yet unknown.

Since Osborne’s” two-dimensional problem is just the limiting
case of A = 0 for the quasi-2D case discussed here, we would
expect the anomalous two-dimensional effect pointed out by
Miles® would also show up for the three-dimensional cases with
extremely small interaction angles. In such cases, the similarity
rule developed here would no longer be valid.

Conclusion

A similarity rule for the three-dimensional interaction of a
two-dimensional wing and a convective oblique sinusoidal gust
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Fig. 6 Phase of the aerodynamic transfer function (A = 15°).
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in a subsonic flow is derived. Therefore, the lift and pressure
distribution induced on the wing in a compressible flow can be
obtained in series form by using existing incompressible flow
solutions as bases. It has been shown that the effect of com-
pressibility depends upon the geometry of the gust, so that the
similarity rule is more complicated than the Prandtl-Glauert rule
for the limiting steady case. It has also been shown that the speed
of the airload convection through the air is a very important
factor in determining the far field radiation. Acoustic radiation
results only when this speed is supersonic. Although the useful-
ness of the results of the analysis is somewhat limited by the
requirement that the product of the flow Mach number and the
reduced frequency should be small, they are expected to provide
a check for more accurate numerical calculations.

Appendix: Filotas’ Incompressible Flow Theory for
Wing-Gust Interaction
Aerodynamic transfer function:

) w(n/2— A)(1 +3sin A)
exp {_ o [COS A a1+ S sin A) }}
{14 nky(1+cos® A +mk,sin A)]'/2

Pressure difference distribution across the wing:
AC, ko, A5z =04) =

Ty(ko, A) =

4[& ei(kyy* wt)]

Tk, A) (1-%\"* _
PR, [— e 2%
To(ka)+11(k) \1+%

with k, = kb, and k, = k,sin A.
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